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Abstract 

In this paper we explore the structure and properties of C-groups. We 
define a C-group as a group G with rk(G) < rk(Z(G)). Using GAP (a 
group theory program) and traditional methods, we identified an inter- 
esting infinite class of C-groups. In particular, we have proved that there 
is always a C-group of order an integer multiple of a fifth power of a 
prime. One way to obtain C-groups is take the direct product of certain 
C-groups, mentioned in this paper, with other appropriate groups. We, 
at this time, do not know whether the C-groups discussed in this paper 
are the building block of all finite C-groups. But a complete classification 
of finite or infinite C-groups is an interesting problem. We have also for- 
mulated a number of open questions relating to C-groups: Are they all 
solvable? What is the structure of the C-groups that are not in our class? 
Is the minimal number of generators of the center always polynomially 
bounded by the minimal number of generators of the group? What are 
the isoperimetric inequalities of infinite C-groups? 



Introduction 

Call the minimum cardinality of a generating set for a group G the rank of G 
and denote it by rk(G). 

In this paper we study a class of finitely generated groups G such that 
rk(G) < rk(Z(G)) where Z(G) is the center of G. We call these groups C- 
groups. 

We came across this class of groups while trying to study finitely generated 
groups with infinitely generated centers. One class of such groups is the set of 
4x4 upper-triangular matrices over the set of rationals with a power of a prime 
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where it, denotes a positive unit. (For further details, see |T]). 

We used GAP, a system for computational group theory, both to find finite 
C-groups of order less than 1000 (with the exceptions of 512 and 768) and to 
gain insight into their structures 3 . In this paper we explain the results of 
these investigations. 

1 Definitions and Notation 

Definition 1 (Elementary abelian). A group G is elementary abelian if 
G = Ili<ra f or some i6N and p a prime. 

Definition 2 (Frattini Subgroup). The Frattini subgroup of G, denoted 
$(G), is the intersection of all maximal subgroups of G when they exist and G 
otherwise. 

Definition 3 (Nilpotent). Let G be a group, define Z\{G) — Z(G) and 
Zi(G) is the inverse image of Z(G / Zi-\(G)) under the canonical projection 
G — > G/Zi-i(G). The group G is nilpotent (of class n) if Z n (G) — G for some 
n . 

Definition 4 (Commutator). Let G be a group and let x, y £ G. Then 
[x,y] = xyx~ 1 y~ 1 is called the commutator of x and y. The subgroup of G 
generated by the set {[x,y] \ x, : y € G} is called the commutator subgroup of 
G and will be denoted G' . 

Definition 5 (Solvable). Let G be a group, and let G (1) := G' . Then for 
i > 1, define G^ by G (i) = (G^ 1 ))'. The group G is said to be solvable if 
= (e) for some n. 

Definition 6 (p-Group). A group in which every element has order a power 
of some fixed prime p is called a p-group. 

Lemma 1. The set Z ni x Z„ 2 x . . . x Z„ fc with gcd(ni,ri2, ■ ■ ■ , nu) > 1 has a 
minimum of k generators. 

Lemma 2. Any group of order p 2 for p a prime is cyclic or elementary abelian. 

Theorem 1. A finite group G is a p-group <3> the order of G is a power of some 
prime p. 

Theorem 2. Every finite p-group is nilpotent. 

For more information on nilpotent and solvable groups, see 0], pages 100- 
107. 
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Theorem 3. Burnside's Basis Theorem If G is a finite p-group, then Vg £ 
G, g p £ <&(G), G' < &{G), G = G/$(G) is elementary abelian, and 
rfc(G) = rk{G). 

Universal Mapping Property of Frattini Subgroup If H is a finite p-group, 
N <\ H and H/N is elementary abelian then < N . 

See |2] or [S] for details. 

2 Main Results 

Theorem 4 (Main Result). Let G = Z ni x Z„ 2 x Z„ 3 where n\ \ n 2 , n\ \n-$, 
and gcd(ni, > 1, and binary operation 

Oi,yi,zi) ■ (x 2 ,y 2 ,z 2 ) = 

((xi + x 2 + y 2 z\) mod m, (yi + y 2 ) mod n 2 , (zi + z 2 ) mod n 3 ). 
Then (G, ■) is a C-group. 

Proof. It is easy to verify that G is a group under the above binary operation 
where (0, 0, 0) is the identity element and 

(x, y, zy 1 = ((ni - x) + yz, n 2 -y,n 3 - z). 

The generators of G are a = (0,1,0) and b = (0,0,1), since (1,0,0) = 
bab~ 1 a~ 1 , and they satisfy the following relations: 

a™ 2 = b n3 = (0,0,0), {bab^a- 1 ) 111 = (0,0,0), a ni b = ba n \ ab ni =b ni a. 

Therefore, the canonical form of words in G is 

a kini b k2ni [a,b] k3 a ki b ks 

where ki = 0, 1, . . . , k 2 = 0, 1, . . . , ^a, and fc 3 , fci, fc 5 = 0, 1, m - 1. Thus 
the order of G is nin2«3. 
Let G = Z(G). Then 

G = {{x,niy,niz) \ x £ Z ni , y 6 Z„ 2 ,z G Z„ 3 }. 

So, G = Z ni x Z^2 x Z m of order m(^-)(2a.) by Lemma|T] 

Therefore, G is a C-group of order n\n<2,n$. □ 

Remark. This defines an infinite class of C-groups which we call aC-groups. 

Theorem 5. There is a unique C-group of order p 5 for any prime p. 

Proof. Existence follows from Theorem 0] with n\ — p, n 2 — p 2 , n 3 = p 2 . 

Uniqueness is more difficult. Suppose G is a C-group such that |G| = p 5 . 
First we'll show rk{Z{G)) = 3 and rk(G) = 2. Let \G/Z(G)\ = p q . q = 1 
implies G abelian, and q > 3 implies that rk(Z(Gj) < 2. Hence, q — 2 and 
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so |Z(G)| = p 3 . Therefore, rk{Z(G)) < 3, so as G is a C-group we have 
rk{Z{G)) = 3 and rk(G) = 2. 

Next we will show that $(G) = Z(G), though we'll only need $(G) < Z(G). 
To begin, note that G/Z(G) is elementary abelian by Lemma |5] By the UMP 
of the Frattini subgroup, we have $(G) < Z(G). Next by the Burnside's Basis 
Theorem and rfc(G) = 2, we must have |$(G) — p 3 in order that G/$(G)| = p 2 . 
Hence, Z(G) = $(G). 

Choose a,b G G such that (a, b) — G. By the previous paragraph, a p 7 b p G 
Z(G) so |a|, |6| < p 2 since Z(G) is elementary abelian. 

To finish, [a, 6] £ Z(G) and it is easy to see any x G G has a representation 
ir = a'fe^a, 6] fe for i < |a|, j < |6|, fc < |[o, This is because a,b generate 
G, any instance of aba in the representation for an element can be replaced 
with aab[a,b], and [a, b] G Z(G). Since |G| = p 5 , and |[a, &]| < p (as Z(G) is 
elementary abelian), then \a\ = \b\ = p 2 and |[a, 6]| — p. 

Therefore, G has the same presentation as our C-group of the same size, so the 
two are isomorphic. □ 

Fact 1. All C-groups of the class defined above are nilpotent of class 2. 

Proof. Let x — (xi, x%, X3) and y = (2/1,2/2,2/3) in some C-group G of the class 
defined above. Then [x,y] = (2/2^3 + ("2 — l)^2j/3, 0, 0) . So [x,y] is clearly in 
the center of G. Therefore, all C-groups in our class are nilpotent of class 2. □ 

More C-Groups 

The multiplication defined for aC-groups appears to be a semidirect product, 
but GAP tests indicated that was not the case. Though the number of aC- 
groups is infinite and can be extended infinitely by right direct product with an 
appropriate abelian group such as Zfc ni or Z where k is a positive integer, this 
class does not describe all C-groups. For example, there is a C-group of order 
64 that is nilpotent of class 3 with the following group representation 

< a, b I a 4 = b B = 1, a 2 b = ba 2 , b 2 a = ab- 2 , (b^a) 2 = (ab) 2 > . 

There are also two C-groups of order 96 that are not nilpotent. These facts 
raise some interesting questions: Is there a bound on the nilpotency class of 
C-groups? What is the structure of the nilpotent C-groups not in our class? 
What is the structure of non-nilpotent C-groups? In addition, all C-groups of 
order less than 1000 are solvable. Are all C-groups solvable? 

A brief examination of the GAP data reveals that the number of generators of 
the center of C-groups of order less than 1000 is a linear function of the number 
of group generators. We conjecture that for finite C-groups, the number of 
generators of the center is polynomially bounded by the number of generators of 
the group. Clearly, there is no such bound for C-groups with infinitely generated 
centers. 

It is also interesting to note that for the order of any C-group less than 1000 
there is a C-group in the class described above. Does this hold for orders greater 
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than 1000? That is, can we have a C-group of an order not covered by our class? 
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